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Introduction
Intuitionistic Fuzzy Set (IFS), initiated by Atanassov [1] , is an extension of fuzzy set theory [2] . IFS is characterized by a membership degree and a nonmembership degree and, hence, can depict the fuzzy character of data more comprehensively and detailedly. The prominent characteristic of IFS is that it assigns a membership degree and a nonmembership degree to each element with their sum equal to or less than one. However, in some practical decision-making processes, the sum of the membership degree and the nonmembership degree to which an alternative that satis es the expert recommended criterion is provided, may be larger than one; however, their square sum is equal to or less than one.
Hence, Yager [3] examined Pythagorean Fuzzy Set (PFS) characterized by a membership degree and a nonmembership degree that satis es the case in which *. E-mail address: 952518336@qq.com. doi: 10.24200/sci.2018.5142.1119 the square sum of its membership degree and nonmembership degree is less than or equal to one. Yager and Abbasov [4] gave an example to illustrate this situation: an expert giving his support for membership of an alternative is p 3 2 and his nonmembership is 1 2 . Since the sum of the two values is bigger than 1, they are not available for IFS, yet are feasible for PFS because: Obviously, PFS is more e ective than IFS in modeling the vagueness of the practical Multi-Criteria DecisionMaking (MCDM) problems. The PFS has been investigated from di erent perspectives, including decision-making technologies [5] [6] [7] [8] [9] [10] [11] [12] [13] , aggregation operators [14] [15] [16] [17] [18] [19] [20] [21] [22] , information measures [23] [24] [25] , the extensions of PFS [26] [27] [28] [29] [30] [31] , and fundamental properties [32] [33] [34] . In particular, an extension of PFS, named Interval-Valued Pythagorean Fuzzy Set (IVPFS) [10, 21] , is a hot topic at present [35] .
Peng and Yang [21] proposed some new operations ([; \; ; ) for IVPFS and discussed their properties in detail. Meanwhile, they studied two interval-valued Pythagorean fuzzy aggregation operators for integrating the interval-valued Pythagorean fuzzy information, such as IVPFWA and IVPFWG operators, and presented an interval-valued Pythagorean fuzzy elimination and choice translating reality method (ELEC-TRE) to solve Multi-Criteria Group Decision Making (MCGDM) problem with uncertainty. Liang et al. [17] conceived the maximizing deviation method based on interval-valued Pythagorean fuzzy weighted aggregating operator for MCGDM problem. Garg [36] introduced a novel interval-valued Pythagorean fuzzy accuracy function for solving MCDM problem. Rahman et al. [37] discussed interval-valued Pythagorean fuzzy geometric aggregation operators and their application to MCGDM problem. Garg [38] proposed a new improved score function of an interval-valued Pythagorean fuzzy set-based TOPSIS method. Chen [39] pioneered the IVPF outranking algorithm with a closeness-based assignment model for MCDM. In order to enrich the operations of IVPFS, we de ne some new interval-valued Pythagorean fuzzy operators (}; 2; ; |; z; !; $) and discuss their properties with some existing operators ([; \; ; ) in detail.
To facilitate our discussion, the remainder of this paper is organized as follows. In Section 2, we review some fundamental conceptions of IVIFS and IVPFS. In Section 3, we propose some new operations for IVPFS and present some interesting properties. Meanwhile, some new operations and the existing operators are compared in detail. In Section 4, a new decisionmaking method based on operator is proposed and a comparison is constructed. The paper is concluded in Section 5.
Preliminaries
This section presents the basic notions, de nitions, and properties of IVIFS and IVPFS.
De nition 1. 1] , and X be a universe of discourse. An IVPFS e P in X is given by: e P = f< x; e P (x); e P (x) >j x 2 Xg; 
4. e P 1 e P 2 = < x; 1 (x) 2 (x);
5. e P = < x; q 1 (1 ( P (x)) 2 ) ; q 1 (1 ( + P (x)) 2 )
; ( P (x)) ; ( + P (x)) >j x 2 X ) ;
6. e P = < x; ( P (x)) ; ( + P (x)) ; q 1 (1 ( P (x)) 2 ) ; Two new relations are de ned by P 2 Q i P (x) Q (x); + P (x) + Q (x) for 8x 2 X and P } Q i P (x) Q (x); + P (x) + Q (x) for 8x 2 X.
De nition 9. Let P and Q be two IVPFSs. For two IVPFSs P and Q, the operations are de ned as follows: 
Example 3. Let P and Q be two IVPFSs over X such that: Then, we can easily compute P Q, P ! Q, P $Q, P |Q and P zQ by the above de nitions shown in 
Theorem 1. Let X be a nonempty set. For IVPFSs P; Q, and R in X:
(1) (P Q)R (P R) (QR); (2) (P Q)R (P R) QR); (3) (P Q) ! R (P ! R) (Q ! R); (4) (P Q) ! R (P ! R) Q ! R); (5) (P Q)$R (P $R) (Q$R); (6) (P Q)$R (P $R) Q$R); (7) (P Q)zR (P zR) (QzR); (8) (P Q)zR (P zR) QzR).
Proof. We only prove (1) and (3) Furthermore, we can have:
Similarly we can have the relation shown in Box V.
According to Eq. (5), we can have (P Q)R (P R) (QR).
3. Let P , Q, and R be three given IVPFSs, then (P Q) ! R and (P ! R) (Q ! R) be calculated as shown in Box VI. Let f(x) be calculated as shown in Box VII, then we can discuss the four cases in the following: 
From above four cases, we can have f(x) 0, i.e.:
Case 1:
0( P (x) R (x); 1 ( P (x)) 2 0):
From the above four cases, we can have g(x) 0, i.e.:
Similarly: min
minf + P (x); + R (x)g minf + Q (x); + R (x)g: Hence, according to Eq. (5), we can have:
Theorem 2. Let X be a nonempty set. For IVPFSs P , Q and R in X, then:
Proof. We only prove (1) and (5) in detail, and
Statements (2)- (4) and (6)- (8) can be proved in a similar way.
(1) Let P , Q and R be three given IVPFSs, then (P Q) R and (P R)(Q R) are calculated as shown in Box VIII.
(5) Let P , Q, and R be three given IVPFSs, then (P |Q) R and (P R)|(Q R) are calculated as shown in Box IX.
Let f(x) be calculated as shown in Box X; then, it is calculated as shown in Boxes XI and XII. Hence, we can have the relations shown in Box XIII. Therefore, according to Eq. (5), we can have:
De nition 10. Let us de ne the generalized operator n i=1 over the IVPFS P i (i = 1; 2; ; n) by: 2 2 ;
When n = 2, it reduces to 2 i=1 P i = P 1 P 2 de ned above.
Theorem 3. For every IVPFS P i (i = 1; 2; ; n) and Q:
(1)
Proof. It is trivial.
Box X De nition 11. For every P 2 IVPFS(X) and for every m; n 2 N, we de ne: It can be known that P (m;n) is still an IVPFN. From this de nition, we can have the following:
(1) If m m 1 , then P (m;n) P (m 1 ;n) ; (2) If n n 1 , then P (m;n) P (m;n 1 ) ; (3) If P Q, then P (m;n) Q (m;n) .
Box XI Continuation of Box XI:
Similarly:
Box XIII Example 4. Let P be an IVPFS over X such that: Then, we can easily compute P (m;n) by the above de nition shown in Table 2 . For a better understanding of the trend of P (m;n) where m and n are of di erent values, we give its score function with the gure form shown in Figure 2 . Based on Figure 2 , we can nd that it is decreasing when m (or n) is increasing when n (or m) stays at the same level. Meanwhile, when m or n is gradually decreasing, the tread of its score function becomes slight. Theorem 4. Let X be a nonempty set. For every IVPFS P in X and m; n 2 N:
(1) (P (m;1) ) (n;1) = P (mn;1) = (P (n;1) ) (m;1) ; (2) (P (1;m) ) (1;n) = P (1;mn) = (P (1;n) ) (1;m) ; (3) (P (m;1) ) (1;n) = P (m;n) ; (4) (P (1;m) ) (n;1) = P (n;m n ) .
Theorem 5. Let X be a nonempty set. For every IVPFS P in X and m; m 1 ; n; n 1 2 N:
(1) 2(P (m;n) ) = (2P ) (m;n) ; (2) }(P (m;n) ) = (}P ) (m;n) ; (3) (2(P (m;n) )) (m1;n1) = 2(P (mm1;n1n m 1 ) ); (4) (}(P (m;n) )) (m1;n1) = }(P (mm1;n1n m 1 ) ); (5) (2(P (m;n) )) (m 1 ;n 1 ) (2(P (n;m) )) (n 1 ;m 1 ) = 2(P (mm 1 +nn 1 ;m 1 n 1 n m 1 m n 1 ) ); (6) (}(P (m;n) )) (m 1 ;n 1 ) (}(P (n;m) )) (n 1 ;m 1 ) = }(P (mm 1 +nn 1 ;m 1 n 1 n m 1 m n 1 ) ).
Comparison with new interval-valued
Pythagorean fuzzy operators and the existing ones 3.3.1. Comparison with some existing Pythagorean fuzzy operators The prominent characteristic of interval-valued Pythagorean fuzzy operators is that they can permit the membership and nonmembership degrees for a given set to have an interval value. This kind of situation is more or less similar to that encountered in intuitionistic fuzzy environments, where the concept of IFSs has been extended to that of interval-valued IFSs to describe the case of interval values in which the membership and nonmembership degrees of an element are assigned to a set. It should be noted that when the upper and lower limits of the interval values are identical, IVPFS becomes PFS, indicating that the latter is a special case of the former. Hence, our proposed interval-valued Pythagorean fuzzy operators are more suitable in solving real problems compared with [3, 5] . Step 1. Transform matrix P = (P ij ) n into a Step 2. For alternative A i , we utilize the proposed operators de ned in Eq. (11) (1 (1 ( + ij ) 2 ) w j ) n 
A case study in mine emergency decision making
We will consider the emergency decision-making problems of mine accidents by employing the proposed decision-making algorithm based on new operator .
The mine explosion is one of the most hazardous dangers in mine accidents. The mine explosion enormously threatens the safety of workers and their lives and imperils the safety production of mine. Since the explosion accidents often occur unexpectedly and suddenly, it is not easy to predict the accident and have enough preparations and emergency actions ahead of time. Therefore, the emergency response plans and the simulations of the accidents are a requisite approach in disaster preparedness and appropriate responses. The high quality and feasibility of the emergency plans will directly in uence the later emergency actions and a ect the evolution of disasters. Consequently, the evaluation and decision of the given emergency plans with simulations is considered essential for the disaster management of mine accidents [42] .
Example 5. Assume that there are ve emergency plans A = fA 1 ; A 2 ; A 3 ; A 4 ; A 5 g to be considered for an explosion accident in the coal mine. The expert chooses decision parameters set C = fC 1 ; C 2 ; C 3 ; C 4 g to be the noxious gas concentration C 1 (denoted as gas), reducing casualty of current events C 2 (denoted as casualty), the smoke and the dust level C 3 (denoted as smoke), the feasibility of rescue operations C 4 (denoted as feasibility), and repairing facility damages caused by emergency C 5 (denoted as facility). Based on the general evolving principle and the characteristics of the mine accidents, we can determine that all attributes are bene t attributes. Suppose that the expert has the following prior weight set given by his/her prior experience or preference: w = (w 1 ; w 2 ; w 3 ; w 4 ; w 5 ) = (0:2; 0:2; 0:1; 0:3; 0:2): Table 4 gives the assessment of emergency plans arising from questionnaire investigation by the expert and constructing an interval-valued Pythagorean fuzzy decision matrix with its tabular form.
In what follows, we utilize the algorithm proposed above to select emergency plans under interval-valued Pythagorean fuzzy information.
Step 1. The decision matrix does not require being normalized because all the attributes are bene t attributes;
Step 2. Step 3. 
However, we can see that the IPFWA operator has drawbacks in some cases described as follows. 
However, we can see that the IPFWA operator also has drawbacks in some cases, described as follows. This result may cause counter-intuitive phenomena in MCDM. In other words, it is only determined by p i to make a decision, and the decision information of others can be neglected.
Moreover, based on Eq. In other words, the membership degree of aggregated value must be zero. This result may cause counterintuitive phenomena in some cases. Hence, it is unreasonable and unsuitable to apply Eq. (13) to aggregate the information in MCDM when meeting the special cases mentioned above.
A comparison analysis from Example 5
We take Example 5, and the interval-valued Pythagorean fuzzy decision matrix show in Table 4 .
If the existing methods in Garg [32] , Rahman et al. [37] , Liang et al. [17] , and the proposed method are applied to solve the MCDM problem in Example 5, then the results can be obtained, as shown in Table 5 . According to the above results shown in Table 5, the ranking order of the four alternatives and optimal alternative is in agreement with the results of [17, 32] . For Garg [32] (IPFWG) and Rahman et al. [37] (IPFWG), the optimal alternative is A 5 , which is di erent from other methods, and it is unreasonable due to its drawback discussed in De nition 13.
A comparison analysis from Example 6
Example 6 is the continuation of Example 5. Suppose that the another expert has the following prior weight set given by his/her prior experience or preference: w = (w 1 ; w 2 ; w 3 ; w 4 ; w 5 ) = (0:2; 0:2; 0:1; 0:3; 0:2): Table 6 shows the assessment of emergency plans arising from questionnaire investigation by the expert and constructing an interval-valued Pythagorean fuzzy decision matrix with its tabular form.
If the existing methods in Garg [32] , Rahman et al. [37] , Liang et al. [17] , and the proposed method are applied to solve the MCDM problem in Example 6, then the results can be obtained, as shown in Table 7 .
According to the above results shown in Table 7 , the ranking order of the four alternatives and optimal alternative is in agreement with the results of [32, 37] . For Garg [32] (IPFWA) and Liang et al. [17] (IPFWA), the optimal alternative is A 3 , which is di erent from other methods, and it is unreasonable due to its drawback discussed in De nition 12.
Conclusions
This paper presented some novel interval-valued Pythagorean fuzzy operators (}; 2; ; |; z; !; $) and discussed their properties with some existing operators ([; \; ; ) in detail. Meanwhile, a new decisionmaking method based on operator was given. In the future, we will apply the proposed operators (}; 2; ; |; z; !; $) to other fuzzy environment [26, [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] .
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